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Prerequisites to Measure Theory
Countable and uncountable sets
We say that a set A is countable if there is a one-one correspondence
between A and a subset of N. This means that there is a function
f : A→ N that takes distinct points to distinct points.
A is finite if this correspondence can be set up using only an initial
segment In := {1, 2, . . . , n} of N
A is countably infinite if all of N is used
Q is countable. R is not countable. R \ Q is not countable. Any
interval [a, b] is not countable.
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Infinite Series
A sequence is a set of numbers u1, u2, u3, . . . in a definite order
of arrangement (i.e., a map u : N → R) and formed according to a
definite rule. Each number in the sequence is called a term; un is called
the nth term. The sequence is called finite or infinite according as there
are or are not a finite number of terms. The sequence u1, u2, u3, . . .
is also designated briefly by (un)
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Infinite Series
A sequence is a set of numbers u1, u2, u3, . . . in a definite order
of arrangement (i.e., a map u : N → R) and formed according to a
definite rule. Each number in the sequence is called a term; un is called
the nth term. The sequence is called finite or infinite according as there
are or are not a finite number of terms. The sequence u1, u2, u3, . . .
is also designated briefly by (un)
A number ` is called the limit of an infinite sequence (un) if for any
positive number ε we can find a positive number m depending on ε
such that |un − `| < ε for all integers n > m. In such case we write
lim
n→∞un = `
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When the limit
lim
n→∞
n∑
k=1
uk := S =
∞∑
n=1
un
exists, we say that the infinite series associated to the given sequence
(un) converges. If the limit of the partial sums does not exist we say
that the series associated to the given sequence (un) diverges.
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Null sets Consider the function f = 1Q which takes a non zero value
only on Q and equals 1 there.
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Null sets Consider the function f = 1Q which takes a non zero value
only on Q and equals 1 there. The “area under its graph” must be
very closely linked to the “lenght” of the set Q. This is why it turn
out that we cannot integrate f in the Riemann sense: the sets Q and
R \ Q are so different from intervals that is not clear how we should
measure their “lengths” and it is clear that the “integral” of f over
[0, 1] should equal the “length” of the set of the rationals in [0, 1].
The question is to define the “length” concept for more general sets,
not only for intervals. By the way we start from the lenght concept
applied to intervals.
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Suppose I a bounded interval of any kind
I = [a, b], I = [a, b), I = (a, b], I = (a, b)
We define the lenght of I as l(I) = b− a in each case.
In particular l({a}) = l([a, a]) = a− a = 0 so we can say that a one-
element set (singleton) is “null”. Now consider the lenght of a finite
set: it is not an interval but since a single point has lenght 0, adding
finitely many such lenght together should still give 0. The underlying
concept here is that if we decompose a set into a finite number of
disjoint intervals, we compute the lenght of this set by adding the
lenght of the pieces.
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In general it may be not possible to decompose a set into non-trivial
intervals. Therefore we consider systems of intervals that cover a given
set. We allow countable number of covering intervals.
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In general it may be not possible to decompose a set into non-trivial
intervals. Therefore we consider systems of intervals that cover a given
set. We allow countable number of covering intervals.
Definition A null set A ⊂ R is a set that may be covered by a
sequence of intervals of arbitrarily small total lenght. Formally given
any ε > 0 we can find a sequence {In : n ≥ 1} of intervals such that
A ⊂
∞⋃
n=1
In
and
∞∑
n=1
l(In) < ε
9/19 Pi?
22333ML232
Theorem If (Nn)n≥1 is a sequence of null sets, then their union
N =
∞⋃
n=1
Nn
is also a null set.
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Theorem If (Nn)n≥1 is a sequence of null sets, then their union
N =
∞⋃
n=1
Nn
is also a null set.
Hence every countable set such as N, Q is a null set
There are also uncountable set that are null set such as the famous
Cantor set
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Outer measure
The Lebesgue outer measure of any set A ⊆ R is given by
m∗(A) = inf ZA
where
ZA =
{ ∞∑
n=1
l(In) : In intervals, A ⊆
∞⋃
n=1
In
}
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Outer measure
The Lebesgue outer measure of any set A ⊆ R is given by
m∗(A) = inf ZA
where
ZA =
{ ∞∑
n=1
l(In) : In intervals, A ⊆
∞⋃
n=1
In
}
We say that (In)n≥1 covers the set A. So the outer mesasure is the
infimum of lengths of all possible covers of A. Clearly m∗(A) ≥ 0 for
any A ⊆ R and for some A the series
∞∑
n=1
l(In) may diverge for any
covering of A so m∗(A) may be ∞
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Convention to deal with infinity
a+∞ =∞, ∞+∞ =∞, 0×∞ = 0
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• A ⊂ R is a null set iff m∗(A) = 0
12/19 Pi?
22333ML232
• A ⊂ R is a null set iff m∗(A) = 0
• If A ⊆ B then m∗(A) ≤ m∗(B)
12/19 Pi?
22333ML232
• A ⊂ R is a null set iff m∗(A) = 0
• If A ⊆ B then m∗(A) ≤ m∗(B)
• The outer measure of an interval equals its length
12/19 Pi?
22333ML232
• A ⊂ R is a null set iff m∗(A) = 0
• If A ⊆ B then m∗(A) ≤ m∗(B)
• The outer measure of an interval equals its length
• Outer measure is countably subadditive, that is for any sequence of
sets {En}
m∗(
∞⋃
n=1
En) ≤
∞∑
n=1
m∗(En)
12/19 Pi?
22333ML232
• A ⊂ R is a null set iff m∗(A) = 0
• If A ⊆ B then m∗(A) ≤ m∗(B)
• The outer measure of an interval equals its length
• Outer measure is countably subadditive, that is for any sequence of
sets {En}
m∗(
∞⋃
n=1
En) ≤
∞∑
n=1
m∗(En)
• Outer measure is translation invariant, i.e. for any t ∈ R
m∗(A) = m∗(A + t)
where for A ⊆ R we put A + t := {a + t : a ∈ A}
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With outer measure, subadditivity is as far as we can get. We wish
however, to ensure that if sets (En) are pairwise disjoint, i.e. Ei∩Ej =
∅ if i 6= j them the subadditive inequality becames an equality. This
property is in general not true for outer measure, although examples
where it fails are hard to construct. Our need is reasonable: any
lenght function should be at least finitely additive, since decomposing
a set into finitely many disjoint pieces should not alter its lenght.
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With outer measure, subadditivity is as far as we can get. We wish
however, to ensure that if sets (En) are pairwise disjoint, i.e. Ei∩Ej =
∅ if i 6= j them the subadditive inequality becames an equality. This
property is in general not true for outer measure, although examples
where it fails are hard to construct. Our need is reasonable: any lenght
function should be at least finitely additive, since decomposing a set
into finitely many disjoint pieces should not alter its lenght. So we
have to find the class of sets in R which have the countably additive
property
m∗(
∞⋃
n=1
En) =
∞∑
n=1
m∗(En) when Ei ∩ Ej = ∅ for i 6= j
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Lebesgue-mesurable sets
A set E ⊆ R is Lebesgue-mesurable if for every set A ⊆ R we have
m∗(A) = m∗(A ∩ E) +m∗(A ∩ Ec)
where Ec = R \ E. We will write E ∈ M to indicate that a set A is
Lebesgue measurable.
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Lebesgue-mesurable sets
A set E ⊆ R is Lebesgue-mesurable if for every set A ⊆ R we have
m∗(A) = m∗(A ∩ E) +m∗(A ∩ Ec)
where Ec = R \ E. We will write E ∈ M to indicate that a set A is
Lebesgue measurable.
• Any null set is mesurable
• Any interval is mesurable
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Theorem (Carathe´odory)
1 R ∈M
2 E ∈M =⇒ Ec ∈M
3 En ∈M for all n = 1, 2, . . . =⇒
∞⋃
n=1
En ∈M
Moreover if Ei ∩ Ej = ∅ for i 6= j then
m∗(
∞⋃
n=1
En) =
∞∑
n=1
m∗(En)
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Conditions 1 - 3 mean that M is a σ−field (also σ−algebra) be-
cause we say that a family of sets is a σ−field if it contains the uni-
versal set and is closed under complement and countable unions.
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A [0,∞]−valued function defined on a σ−field is called a measure if
it is countably additive
An alternative approach to measure theory is to begin with the above
properties as axioms, defining a triple (Ω,F ,µ) a measure space if Ω
is a given set, F is a σ−field of subsets of Ω and µ : F → [0,∞] is a
countably additive function as m∗.
In this framework, Carathe´odory Theorem means thatM is a σ− and
m∗ a measure.
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Notice that from Carathe´odory Theorem follows that if En ∈M, n =
1, 2, . . . then
∞⋂
n=1
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Notice that from Carathe´odory Theorem follows that if En ∈M, n =
1, 2, . . . then
∞⋂
n=1
En ∈M
This property does not depend to the Lebesgue mesasure, it holds in
any measure space.
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Definition
We shall write m(E) instead of m∗(E) for any E ∈M and call m(E)
the Lebesgue measure of the set E
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Definition
We shall write m(E) instead of m∗(E) for any E ∈M and call m(E)
the Lebesgue measure of the set E
Lebesgue measure m : M → [0,∞] is a countably additive set func-
tion defined on the σ−field M of measurable sets.
Lebesgue measure of an interval is equal to its lenght. Lebesgue mea-
sure of a null set is zero.
Since Lebesgue measure is the outer measure restricted to a special
class of sets, some properties of the outer measure are inherited by
Lebesgue measure. The most important is the invariance by transla-
tion
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Theorem Suppose that A, B ∈M.
1. If A ⊆ B then m(A) ≤ m(B)
2. If A ⊆ B and m(A) is finite then m(B \ A) = m(B)−m(A)
3. m is translation invariant
